
PH3456 Lecture 5:

-SpinRotacar son.WeContinuation of Lecture 4.

complex pairs (E2) =C2 into QM?

We had:(a, [s]:it taba [a e

and OnOb =2 Sub +ItabaOc
Look!

=>(On, os]:Zi Gabe Oc

=>[Ern,5] = in Gabe Ear

which isidentical to the angular momentum commutator!

Operator for spin
Define: I=tum for spiritparticles-

THEN [, Sa obey the same him Algebra.



Whatare the eigenvalues of Sa?

Since a and I don'tcommute [5a, 57 =

0,

we can simultaneously diagonalize 5 and 52:

2. on to San

-Ie
=Eh21

but notice that:I (2+1) justlike eceti) for E...

The 2-dimensional HilbertSpace for spirit is

Is =I,z =t)

1S = 2,Sz =
-E 3 2-dimensional, like [le,m);M=-e, ..., es

which we can denote as 'basisvectors'

(0) =1=, ((n =2,m); m=-t,t)

(i) =(=, -z)

Since 2 =h2(E)(+1) 1, both are eigenvectors of 5.

Using CE, we find that

5z(0) =E(0:1)(6) =E(0)



Sz(i) =E(d-a)(i) =- E(i)
which looks okay.

We can extend thisto a general rotation operator for

Spin States:
axis

I

↑*R(a,i) =e
Ean.

spintoperator

ange
in

while - -

orbital

"R(,) =e

x n
↑

=Eijk j in
angular

momentum
:. z =4B - YPx

=- it(X - 3x)
Similar to our classical rotation

operatur
"R(,z) =e

4x -x)

The RC, n) operator acts in the (E2) =z,(0) +2(i) =>a2

States, but we can also write it using o-matrices instead:

ItK,4) =e
- En.*

=2

G previously called ee!

which is a 2x2 unitary matrix

with unit determinant.



Properties:
11 det (e-En)=etr)-i= n.)

- i=n.tr()
=2

=1

Proof (see tutorial):

eiEn=cos - in sinE

which is unitary.

2) e
in.

or een-Rab (a,n) us
↑ S0(3) rotation

Matrix...

rozet: Rbcon

Proof:See HW/tutorial.

-in.
a eien.o=(cos-in.sin) or (costimsinE)e

=(oson-invasin) (os+ in sinEl

-cos2on-isinEcos (n. on - on.)
-T.on.sin?

[]

Now n.oa-on.=24p(wa-v(n)

=2, nn (ob,wa)

=Zi Z,Eba



Furthermore, using (Va, 02]= 2 fac, observe that

n.Er = -0.n +2na,

hence

F.F0, n. = - 0(n.8)(n.8) +2nan.

--a+2a-8

Back into equation (1), we find

I cos2?On+ 2 SinEcos? Abbas On

- 2sin?Un.-sinu

-(sin) on-sink tablee
+ 2sin2na .E
-

(1-cos)

=coston + (I-cos) [ Panic - sind table in

-ma)-cosa)Nate - SindEabcMb) an

Rau

Thus RouRt=2 Runon;

Rac (n,2) =cosx Sac + (1-cos) Male - Sinxtaba Ub.

We can check thisfor rotations around the 5 axis:

n =993, and we find



R =in8)I
Determinantis obviously 1.

Notice that RK, n) =e-
iEn.

allows us to

rotate Spin States!

Complex Spin-States

Let us discuss how to describe a particle with spin-t (ie, electrol.

The Hibert space is thatof so-called Pauli Spinors;

cere wavefunctions(Y)C=) =(ite of electron
Spins

and also (Y3(r)=(Yei) be another spinor.

Ther

2414): fdr (y) (l) (i)
inner productof 2 Pauli Spiror



=(dr(14(5)4+(5)1 +14(5)4-(51)

For a single (4], we normalize:

1 =(414) =fdr (14+ (F12 +14-(FM)

which implies that141(r)12dF =probability to find I with

Spin "up" Sz =+*

in (, r +dr)

14-(r)12 dr -probability to find I with

Spin "down" Sz = -*

in (, r +dr)

and the total probability mustsum to 1.

Consider the following simple spin-related problem of a particle in a

magnetic field is:

B
· eparticle fixed in space :
· B is constant -

Mass M, charge q

justsite
Then M = - 5.s acts on (i)

Hilbert Space. Note (I) is not r-dependent (and isis constant).

int (!):- (I).



Taking B:BE, no loss of generality,

itE(y) = - * 3-()-

Let (2) =4=(0) +4,(i), then
*

in 03, Sa basis

(it): -BIi)
and we obtain

it 21 = =E4

=>4+ (t) =e
=iEx

=(0)

Consider the initial state 41Co):(in). If 4-(0) =0, 4+ (0) =1

nence (Ei):eE*(d) with 5 is 11 isonly a place,

Butif 4+ (0) =4-(0) =E, say, then spin processes!

See tutorial.


